We study the dimensional continuation of the sphere free energy in conformal field theories. In continuous dimension d we define the quantityF = sin(πd/2) log Z, where Z is the path integral of the Euclidean CFT on the d-dimensional round sphere.F smoothly interpolates between (−1) d/2 π/2 times the a-anomaly coefficient in even d, and (−1)
the principle of a-maximization [4] . A general proof of the a-theorem has become available relatively recently [5, 6] .
There is a considerable similarity between the theorems in d = 2 and d = 4, since both of them concern the quantity that can be extracted from the free energy on the Euclidean sphere S d of radius R: F = − log Z S d . In d = 4 the Weyl anomaly coefficient a may be extracted from the logarithmic term, F = a log R + . . .. The same is true in d = 2, where the standard central charge is then defined via c = −3a. Therefore, the two-dimensional c-theorem is a particular example of a class of a-theorems that may hold in all even dimensions, where a is the coefficient of the log R dependence of the sphere free energy (alternatively, it is the Weyl anomaly coefficient which multiplies the Euler density). In odd dimensions, however, there is no Weyl anomaly, and therefore the appropriately regularized S d free energy F is completely independent of the radius R. Several years ago it was conjectured that, in odd dimensional RG flows, this regularized free energy F satisfies inequalities similar to those satisfied by a in even dimensions [7] [8] [9] . 1 In the most physically interesting case d = 3, a proof of the F -theorem has been presented [11] , relying on its exact relation with the entanglement entropy across a circle [12] .
The conjecture [8] that F UV > F IR in d = 3 was inspired by studies of RG flows with N = 2 supersymmetry, where exact results are available via localization [13] [14] [15] . When the U (1) R charges of a d = 3 superconformal theory are not fixed by the superpotential, they are determined via the F -maximization principle [8, 14, 16] , which is analogous to the a-maximization in d = 4. In this paper we will suggest an explicit connection between the a-and F -maximization by finding an appropriate maximization principle in continuous dimension for theories with four supercharges.
When the supersymmetric localization methods cannot be applied, the problem of calculating F is in general difficult. Results are available for free CFTs and for large N theories with double trace operators [9, [17] [18] [19] [20] , but one is often interested in finding F for nonsupersymmetric CFTs that are strongly interacting and contain a small number of fields.
For example, the most common second-order phase transition in 3-d statistical mechanics is in the universality class of the Ising model, which may be described by the d = 3 Euclidean QFT of a real scalar field with a λφ 4 interaction.
A well-known generalization of the λφ 4 theory is to O(N ) symmetric theory of N real scalar fields φ i , i = 1, . . . , N , with interaction
For small values of N there are physical systems whose critical behavior is described by this d = 3 QFT. When N is sufficiently large, one can develop 1/N expansions for scaling dimensions of various operators using the generalized Hubbard-Stratonovich method [21] [22] [23] [24] [25] [26] [27] [28] [29] . Similarly, it is not hard to calculate F in these d = 3 CFTs, including the O(N 0 ) correction [9] F = N 16 2 log 2 − 3ζ(3) so that a formal Wilson-Fisher expansion in may be developed [38] . The coefficients of the first few terms tend to fall off rapidly; for example, the anomalous dimension of φ i is [39] γ φ = N + 2 4(N + 8) 2 2 + (N + 2) (−N 2 + 56N + 272) 16(N + 8) 4 3 + O( 4 ) .
(1.4) Setting = 1 provides rather precise approximations to the known experimental and numer-2 A more fundamental approach to the O(N ) symmetric CFTs relies on the ideas of conformal bootstrap [30] [31] [32] [33] , and recently it has led to precise numerical calculations of the operator scaling dimensions in threedimensional CFT [34] [35] [36] . However, this approach has not yet shed light on the 3-sphere free energy F . ical results for low values of N [34] [35] [36] [37] [38] [39] [40] [41] .
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This raises the hope that the 4 − expansion of the sphere free energy will also provide a good approximation. In this paper we will demonstrate, through a number of explicit calculations, that this is indeed the case. As a first step, in Section 2 we calculate it for the free conformally coupled scalar and massless fermion. We find that the quantitỹ
is a smooth positive function of d whose expansion indeed converges well. For odd integer
accord with the proposal of [9] . It also has a smooth limit (−1) d/2 πa/2 as d approaches an even integer, since the pole in F is canceled by the zero of sin(πd/2). Thus, the definition (1.5) proves to be very convenient for interpolating between the Weyl anomaly a coefficients in even d and the F values in odd d. In Section 3 we further demonstrate this by studying the large N CFTs perturbed by double-trace operators in continuous dimension d. The sphere free energies in such theories were studied in [9, 17, 19] , and their dimensional continuation was carried out in [18, 20] . Using these results, we show that the quantityF defined in (1.5) decreases for double-trace RG flow in all d, provided the operator dimensions obey the unitarity bound. Studying other relevant deformations that cause a unitary UV CFT to flow to a unitary IR CFT, we consistently find thatF UV >F IR for all dimensions d. This raises a tantalizing possibility that the a-theorem in even integer dimensions and the F -theorem in odd integer dimensions are special cases of theF -theorem valid in continuous dimension.
In Section 4 we depart from the large N limit and consider the specific example of WilsonFisher CFTs [38] . We perturb the CFT of N free scalars by the operator
, which is slightly relevant in d = 4 − . Using perturbative methods similar to those used in [2, 9] for slightly relevant operators on S d , we find the expansion ofF valid for all N :
whereF s is the free conformal scalar result (2.5 superconformal minimal models with central charges c = 3k/(k + 2) [44] . Setting = 2 we find very good agreement with this exact result.
In Section 5.2 we argue that the supersymmetric localization on S 3 [13] [14] [15] 
In this model the scaling dimensions are not fixed by the superpotential, and we carry out theF maximization, making contact with the results of [45] in d = 4 − , and of [46] in d = 3. We show that the -expansion of the anomalous dimension, found in [45] , is in agreement with our proposal of
Among the motivations for studying the sphere partition functions for the d-dimensional
Euclidean CFTs where the dynamical fields transform in the vector representation of O(N ) or U (N ), is their conjectured duality with the interacting higher spin theories in AdS d+1 [47] [48] [49] [50] (for a review, see [51] ). While so far the duality has been tested in integer dimensions [50, [52] [53] [54] [55] [56] , it may apply in continuous d. In particular, as suggested in [47] , it would be interesting to carry out the 4 − expansion in the Vasiliev higher spin theory [57] [58] [59] [60] [61] [62] and compare the results with those obtained in this paper.
2F for free fields
The eigenvalues and degeneracies of the Laplacian acting on fields of general spin on S d are known, and so it is not hard to compute F for free fields in arbitrary dimension. In the case of conformally coupled scalars or massless fermions, a shortcut which yields a compact representation of the free energy is to use the known results for the change in F under doubletrace flows [17] [18] [19] [20] (this will be reviewed in Section 3 below). In this approach, one computes the determinant of the non-local kinetic operator of the auxiliary Hubbard-Stratonovich field, which is essentially the two-point function of a conformal primary of dimension ∆. When ] is the trace of the identity in the Dirac matrices space. For convenience, we have defined F f to be independent of this factor so that it represents the F value of a single Fermion component. For instance, in d = 3, F f as defined above corresponds to the contribution of a single Majorana fermion. In all examples discussed below, we will not need to continue tr1 to non-integer dimensions, but rather we will relate theories where tr1 is held fixed.
These expressions are valid for any d ≥ 2 and give a natural analytic continuation of F to non-integer dimensions. It can be checked that in odd integer d they reproduce the known values of F for free fields given in Tables 1 and 2 corresponds to half the contribution of a Majorana or Weyl fermion).
The presence of the sin(πd/2) factor in the denominator of (2.1)-(2.2) suggests that it is natural to consider the quantityF ≡ − sin(πd/2)F , so that
While F oscillates between positive and negative values and has poles near even integer dimensions, one can see thatF is finite, smooth and positive in the continuous range of dimensions. In particular, since it is a finite quantity, 5F is independent of the radius of S d .
It smoothly interpolates between (−1) (d+1)/2 times the F -values in odd d, and
times a-anomaly coefficients in even d. For example, in d = 2, 4, 6 one gets
and similarly for the fermions. Plots ofF s andF f for 2 ≤ d ≤ 4 are given in Fig. 1 .F f can be smoothly continued to d < 2, and for d = 1 we find log 2, which is the value of the quantity g = log Z S 1 introduced in [10] .
The smoothness ofF suggests that it is a useful quantity to consider in the framework of 5 Of course, there are power law divergences which are regulated away in dimensional regularization. the -expansion. To further support this claim, in the rest of the paper we will present several examples of computations ofF in interacting theories that have a natural continuation to non-integer dimensions. As a first illustration that the -expansion ofF provides reasonable approximations, we can consider the explicit expansion ofF s andF f in d = 4 − . A straightforward calculation starting from (2.5), (2.6) yields the result
The numerical expansions arẽ As an aside, we note that, sinceF s andF f are smooth functions of d, it is not hard to develop their large d expansions. Using the asymptotic expansion of the Γ-function for large argument, we find
Note that at large d this implies
which agrees with the structure found by a numerical interpolation of the a-anomaly coefficients [63] .
Free massive fields
It is straightforward to derive the value ofF for free massive fields for arbitrary d. The eigenvalues and degeneracies for the scalar laplacian on the unit d-dimensional sphere,
The free energy for a scalar of mass m is then
The m = 0 case corresponds to the conformally coupled scalar. Taking a derivative with respect to m 2 allows for a direct evaluation of the sum, and one gets
and soF 16) whereF s is the value corresponding to the conformal scalar (2.5). For example, in d = 3 one obtains, in agreement with [9] ,
Similarly, the eigenvalues and degeneracies for the Dirac operator on S d are
and so
This leads to
and finallyF
In d = 3 one obtains [9] ,
3 Double-trace flows in large N CFT's
Let us a consider a CFT perturbed by the square of a primary scalar operator of dimension
We assume that the CFT has a large N expansion, so that for large N correlation functions A standard way to analyze the perturbed CFT is to introduce an auxiliary Hubbard-
Then one can show that, for ∆ < d/2, the perturbed CFT flows to a large N IR fixed point [17, 64] . If ∆ > d/2, then the theory has a formal large N UV fixed point, where
At the fixed point, the quadratic term in σ in (3.2) can be neglected, and one can develop a 1/N perturbation theory using the induced kinetic term for σ
where the subscript '0' denote correlators in the unperturbed CFT. Then, to leading order in the 1/N expansion, the change in the sphere free energy induced by the "double-trace" deformation is given by the determinant of the non-local kinetic operator for the σ field
where δF ∆ denotes the change in F due to the O 2 ∆ perturbation. The two-point function of a primary of dimension ∆ on the sphere is fixed by conformal invariance to be (up to unimportant overall factors)
where s(x, y) is the chordal distance on S d . Expanding this two-point function in spherical harmonics, one ends up with the following expression for the determinant in (3.4) [17, 18] 
where d n are the scalar degeneracies given in (2.13). 6 Note that for ∆ = d/2 − 1, the eigenvalues coincide with the inverse of the eigenvalues for the conformally coupled laplacian (2.13), which implies that for this value of ∆ the formula (3.6) can be also used to obtain the value of F for a free conformal scalar, as explained in the previous section.
Taking a derivative with respect to ∆, performing the sum and integrating back yields the final answer [18] 
where we have used the identity Γ(z)Γ(1 − z) = π/ sin(πz). Equivalently, in terms ofF :
Note that setting ∆ = d/2 − 1 and changing the overall sign (since this computes the determinant of the two-point function rather than the kinetic operator), this indeed agrees with (2.5).
Similarly, one can consider a CFT perturbed by the square of a spin 1/2 operator of dimension ∆. Introducing a fermionic Hubbard-Stratonivich field and computing the determinant of its induced kinetic operator, one arrives at the final result [19, 20] 
Setting ∆ = (d − 1)/2 and changing overall sign, this reproduces the free fermion result in (2.6).
A simple example of such double-trace flow is provided by the O(N ) symmetric scalar field theory with quartic interaction 
It is known that the UV fixed points of the O(N ) non-linear sigma model in d > 2 provide an alternative description of the same critical CFT. The 3d F -theorem F U V > F IR then implies that the critical CFT should satisfy
where the right inequality comes from the description as IR fixed point of the quartic theory, and the left one from the non-linear sigma model point of view. Equivalently, this implies in d = 3 that −F s < δF ∆=1 < 0, which is indeed seen to be true from eq. (2.3) and (3.11) . A natural question is whether the quantityF also satisfiesF U V >F IR in continuous dimensions. This would imply by the same logic that −F s < δF ∆=d−2 < 0. Using (3.8) and (2.5), one can verify that this is indeed true in the whole range 2 < d < 4. This provides some evidence for the validity of theF theorem in continuous d.
For later reference, let us also work out the explicit expansion of δF . Using (3.8), a short calculation yields the result The quartic O(N ) theory (3.10) was also recently reconsidered in the range 4 < d < 6.
In d = 4 + , the model has a formal UV fixed point at negative coupling. It was recently proposed that the same interacting CFT can be described as the IR fixed point of a O(N ) symmetric cubic theory with N + 1 scalars in d = 6 − , which is unitary for sufficiently large
or, in terms of δF
This was checked to be true in d = 5 [65] . Using (3.8) and (2.5), we have verified that in fact it holds in the whole range 4 < d < 6. This provides additional evidence for the validity of theF theorem in continuous d.
Let us also work out the expansion of δF near six dimensions:
The leading contribution is indeed equal to π/2 times the anomaly coefficient of a free massless scalar in d = 6 (see (2.7)), in precise agreement with the description of the critical CFT in terms of the cubic theory in d = 6 − . Subtracting the contribution of one free scalar, we get Another interesting CFT example is the Gross-Neveu model [66] in the dimension range 
The existence of the two alternative descriptions of the same CFT imply that, ifF
At large N , in terms of δF ∆ defined in (3.8), this implies
Note that in this case ∆ = d − 1, which is the dimension of theψ i ψ i operator in the free CFT. This inequality was checked to be true in d = 3 [9, 65] , where δF ∆=2 = + ζ(3) 8π 2 . Using the dimensionally continued results (3.8) and (2.5), we have verified that it holds in the full range 2 < d < 4 (and it is violated for d > 4, where the theory becomes non-unitary).
Finally, since it will be useful in the next section, let us quote the explicit expansion of δF ∆=d−1 near four dimensions. Setting d = 4 − and expanding for small , one finds
The first two terms are the same as the free scalar result in d = 4, which is a nice test that near four dimensions one gets an extra propagating scalar, as in (3.18) . This suggests that it is useful to consider the difference 
Here we have written the first line in terms of bare fields and coupling, and the second line in terms of renormalized fields and dimensionless coupling λ, with µ the renormalization scale.
The counterterms δ φ and δ λ are known up to five loop order in dimensional regularization [42, 70] . The leading terms read
The corresponding β-function in d = 4 − is [42, 70] We now want to conformally map the theory to S d and compute the sphere free energy F at the IR fixed point. The action of the model on the sphere is the same as (4.1), provided we covariantize it and add the conformal coupling term
. The free energy to order λ 3 is then given by
where F free = N F s , and
Here we have used the fact that φ 4 0 , being a onepoint function in a (free) CFT, vanishes. Note that the wave function renormalization δ φ does not enter at this order (it will affect the order λ 4 and higher). The two and three point functions of the free theory on the sphere read
where s(x, y) is the chordal distance. In the stereographic coordinates where the metric of
Let us recall the integrals [2, 9]
In the present case, we have ∆ = 2d − 4, and so
Setting d = 4 − , we obtain the expansions
.(4.10)
Inserting these into (4.9), and using the explicit form of the counterterm (4.2), one can verify that the 1/ pole in I 3 is cancelled, as expected from renormalizability of the theory. If we remove the dimensional regulator, then we get the d = 4 result
from which we find
which agrees with known results for the conformal a-anomaly of the φ 4 theory [71] . We also note that the Callan-Symanzik equation β
free ) = 0 is satisfied to this order (here β is the 4d beta-function, i.e. eq. (4.3) with = 0).
On the other hand, in the case of the d = 4 − fixed points which is our main interest here, using (4.9), (4.10), and the expression for the critical coupling λ = λ * given in (4.4), we obtain the result
Note that the term proportional to log(µ 2 R 2 ) has cancelled out, consistently with conformal invariance of the fixed point theory (we do not have a conformal anomaly in d = 4 − ).
Equivalently, in terms ofF = − sin(πd/2)F , we thus have (1.6). A non-trivial test of this result comes from comparing with the double-trace formulae at large N . Indeed, expanding (1.6) to leading order at large N , we find agreement with the expansion (3.13) in d = 4 − .
We can now use (1.6) to obtain an estimate for F in the 3d Ising model. Setting N = 1 and = 1, and using the expansion (2.9) forF s , we obtain Note that the correction in (1.6) due to interactions is quite small. Recalling that, in d = 3,
3)), our result implies We can further use (1.6) to study the ratio
for N > 1. As N is increased, this ratio first decreases slightly, attaining a minimum of ≈ 0.9551 for N = 3. After that it begins to increase, and for large N it approaches 1. A plot of the ratio as a function of continuous N is shown in Fig. 2 . Interestingly, the same qualitative behavior as a function of N (a slight decrease followed by increase) is also found in conformal bootstrap calculations . The non-monotonicity in N can also be seen in the behavior of γ φ , which increases slightly from N = 1 to N = 2 and then begins to fall [35] .
We may consider further decreasing d and comparing with the known exact results in d = 2. The N = 1 fixed point, i.e. the φ 4 theory, is expected to be continuously connected to 7 Since we have found the effects of interaction up to O( 4 ), for consistency we keep only the terms up to O( 4 ) in the expansion ofF s . Expanding to quartic order in , and then setting = 1, N = 1, yields
which is slightly different from our estimate (4.15) above. This is not surprising, given that this approach essentially involves a partial resummation of (4.13). Clearly, higher orders in the expansion, potentially coupled with some kind of resummation technique, may be necessary to obtain a more precise estimate of F 3d Ising . Nevertheless, we believe that the conclusion that F 3d Ising is a few percent below the free scalar value is robust. 19) where N =Ñ tr1, andÑ is the number of Dirac fermions (i.e., the model has a U (Ñ ) global symmetry). There is a stable IR fixed point at the critical couplings The O( 2 ) corrections to the critical couplings and to the operator anomalous dimensions were found in [73] using the two-loop beta functions.
Gross-Neveu-Yukawa model
The calculation of the sphere free-energy at the d = 4 − fixed points follows the same step as in the previous section. To leading order, only the Yukawa coupling contributes, since at the fixed point g 1 ∼ √ , g 2 ∼ . We have
Note that to this order we do not need to worry about the contribution of the counterterms (they will cancel the poles coming from higher order diagrams). Using (4.9), and inserting the fixed point value of the coupling constant, we get 23) or, in terms ofF = − sin(πd/2)F
We see that at large N this precisely agrees precisely with the double-trace result (3.22) .
Note also that the sign of the correction due to interactions is negative, in agreement with the expectation thatF U V >F IR . Expanding the free field resultsF f andF s to order 2 , we find
(4.25)
Now setting = 1, we obtain an estimate for the 3d critical Gross-Neveu model
For the case of the U (1) Gross-Neveu model, we should set N =Ñ tr1 = 2. 
Again, we omit the explicit counterterms, as we will only do a leading order computation of the free energy.
The one-loop β-functions for the renormalized couplings g 1 , g 2 are [65]
12(4π) 3 It is not difficult to derive the large N expansion of the critical couplings to any desired 9 The other two solutions have asymptotics z(N ) = ± 5/N + O(N −1 ) and they are not IR stable for generic N . 10 Higher loop corrections show that the value of this critical N is significantly reduced as is increased [74] .
order. The first few terms read [65] 
Now, let us calculate the first correction to the sphere free energy in d = 6 − . We just need the two-point functions in the free theory
and so we get
Using (4.9) and expanding to leading order in d = 6 − , we get
where g * 1 , g * 2 are the fixed point couplings (4.31). Note that the change in F is positive in this case. However, in terms ofF = − sin(πd/2)F , we havẽ As an explicit simple example, let us consider the Wess-Zumino model with a cubic superpotential for a chiral superfield X:
This theory has classically marginal interactions in d = 4, and the corresponding β function is known to four loop order [78] [79] [80] [81] . Due to the non-renormalization of the superpotential vertex [75, 82] , the β-function is completely determined by the wavefunction renormalization
where β 4d is the β-function in d = 4, whose first few orders read
When we continue the model to d = 4 − , the β-function becomes simply
Then, we see that in d = 4 − there is a perturbative IR fixed point given by
This is a supersymmetric version of the Wilson-Fisher fixed point for the quartic scalar field theory in 2 ≤ d ≤ 4. In d = 3, it describes the IR fixed point of the N = 2 Wess-Zumino model with cubic superpotential (see e.g. [83] ). Note that (5.2) completely determines the dimension of X at the fixed point, where β 4d (λ * ) = λ * /2. Then, at the IR fixed point we
In particular, in d = 4 this corresponds to the free field dimension ∆ = 1, and in d = 3
it gives ∆ = 2/3 at the interacting IR fixed point [83] . Another way to derive the exact dimension (5.7) is to note that, in all dimensions the superpotential must have the U (1) R charge equal to 2, so that R X = 2/3. Continuing the BPS condition
integer to real d, we then recover (5.7).
In d = 3, the sphere free energy of any N = 2 supersymmetric field theory can be computed exactly using the supersymmetric localization [13] [14] [15] . Introducing the function
the free energy of the model with W ∼ X 3 at the fixed point is given by
where we used the fact that the conformal dimension in the IR is fixed by the superpotential.
To test the validity of the -expansion, let us now try to compute perturbatively the sphere free energy of this model in d = 4 − . The calculation is very similar to the one for the GNY model described in Section 4.2. In components, the Lagrangian of the d = 4
Wess-Zumino model reads [79] 
where A and B are a real scalar and pseudo-scalar, and ψ a Majorana fermion (this has two propagating degrees of freedom in d = 4, the same as a Dirac fermion in d = 3). To leading order, the only contribution to the sphere free energy comes from the Yukawa interactions.
Using the integrals defined in (4.9), we thus get
Note that a factor of 2 comes from the fact that the fermions are Majorana (so that there are non-zero Wick contractions ψψ andψψ), and an additional factor of 2 takes into account the two Yukawa couplingsψAψ andψγ 5 Bψ. Finally, the factor tr1 is the trace of identity in the gamma matrices space, which should be set to tr1 = 4 according to the rules of dimensional reduction. Then, plugging in the critical coupling (5.5), expanding to leading order in and inserting a factor of − sin(πd/2), we get the result forF
The free field contribution corresponds to a free conformal chiral superfield, for which we get (see eq. (2.9))
Then, we obtain the prediction to quadratic order in :
In d = 3, this givesF 15) which is within 1% of the exact localization result (5.9)! Thus, the -expansion seems to be a remarkably good approximation (at least in this supersymmetric example), given that we have only performed a leading order calculation in d = 4 − .
It is also interesting to consider the continuation of the model to d = 2. In this case, the IR fixed point corresponds to the N = (2, 2) SCFT with cubic superpotential, which has ∆ X = 1/3 and central charge c = 1. This is the first member, k = 1, of the N = (2, 2) superconformal minimal models in d = 2; these theories have superpotentials W = X k+2 and central charges c = 3k/(k + 2) [44] . Setting = 2 in our result (5.14), we obtaiñ 16) corresponding to central charge c = 0.9953. This approximation from the expansion is again remarkably close to the exact result c = 1.
InterpolatingF -maximization
In this section we propose a natural extension of the localization on S 3 [13] [14] [15] that can be applied to any Wess-Zumino type model with four supercharges on S d , 2 ≤ d ≤ 4. As we will show below, our proposal smoothly interpolates between the a-maximization [4] in d = 4, and the F -maximization [8, 14, 16] 
We start by observing that the function (5.8) appearing in the 3d localization for N = 2 supersymmetric theories has a simple origin. It can be obtained from the one-loop determinants on S 3 of free massive scalars and fermions. Indeed, the supersymmetric Lagrangian for a free chiral multiplet with non-canonical dimension ∆ is given by [14, 15, 84 ]
where we have assumed that there is no vector multiplet in the theory, and we have set the radius of the sphere to one. Adding a superpotential to the theory does not change the value of the localized partition function, except for constraining the allowed values of the R-charges. Then, each chiral multiplet with trial dimension ∆ contribute to the S 3 partition function a factor
The relevant functional determinants can be obtained from the results (2.17) and (2.23) for free massive fields, and correspond to the free energy contribution
where we recall that the value of the scalar mass was defined in (2.14) as the deviation from conformal coupling, and the factor of 2 is because the 3d N = 2 chiral superfield contains a complex scalar and a Dirac fermion.
This suggests a natural generalization of the 3d localization to non-integer d. To a given chiral superfield with trial dimension ∆, or equivalently trial R-charge R = 2∆/(d − 1), we associate the functioñ The functionF(∆) can be given a more compact representation in terms of its derivative with respect to ∆. Using the results in Section 2.1, we find
.
Integrating this equation with the boundary condition thatF(∆ = d/2 − 1) must equal the contribution of a free conformal chiral multiplet, (5.13), we find
. 
where in the second step we have used ∆ = 3/2R. This is indeed the correct expression for the a-anomaly of a d = 4 chiral superfield as a function of the R-charge of the scalar field [3] (recall that in d = 4 our conventions imply thatF = a π/2). Thus, the maximization of we getF
Thus, we find that the central charge is given by c = 3 26) in agreement with [44] . For example, for the superconformal model with W = X k+2 , the dimension of X is ∆ =
. So we obtaiñ 
The leading order term indeed precisely reproduces our perturbative result (5.12). To further test the correctness of our localization proposal, it would be interesting to match the sublead- in d = 2, corresponding to c ≈ 1.53 which is close to the exact value 1.5. Thus, we again see that the first few orders of the expansion provide rather good approximations to the exact answers.
An example with O(N ) symmetry
So far, we have discussed examples where the R charges are completely fixed by the superpotential. As an example where theF -maximization is needed to fix the R charges, let us consider the model with N + 1 chiral superfields and O(N ) symmetric superpotential
This model has classically marginal interactions in d = 4, and its RG analysis in d = 4− was carried out in [45] . 12 The β-function and anomalous dimensions for this model are known up to the four loop order [85] . The first few orders read This is equivalent to the condition that the R-charge of the superpotential equals 2.
As a test of theF -extremization procedure, we can use it to derive the conformal dimensions ∆ X and ∆ Z in d = 4 − , and compare the result with the RG analysis. Given the constraint (5.34), the exactF is given bỹ
12 Note that from the RG point of view it would be natural to add the term λ 2 X 3 to the superpotential, which is also classically marginal in d = 4 and consistent with the O(N ) symmetry of the model. However, it is consistent to set λ 2 = 0 since the beta function β λ2 vanishes at λ 2 = 0. This follows from general non-renormalization properties of the N = 1 Wess-Zumino models in d = 4, which imply β λ2 = 3λ 2 γ X , analogously to (5.2).
where we used (5.34), and the value of ∆ Z should be determined by extremizingF . Using (5.21), we obtain
